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CONDUCTORS AND DIELECTRICS JJlsadl s cBlua gall

5.1 Current and Current Density

Electric charges in motion constitute a current. The unit of current is the ampere (A),
defined as a rate of movement of charge passing a given reference point (or crossing a given

reference plane) of one coulomb per second. Current is symbolized by I, and therefore

dQ
=3¢

We find the concept of current density, measured in amperes per square meter (A/m?),

more useful. Current density is a vector represented by J.

Total current is obtained by integrating,

I=fJ.dS

S

Current density may be related to the velocity of volume charge density at a point.
J=p, U
Where U is velocity and p,, is volume charge density

This last result shows clearly that charge in motion constitutes a current. We call this type of

current convection current

Example: Given the current density J=10p?z a, — 4p cos? @ a; mA/m* determine the total

current flowing outward through the circular band p =3,0<@ <2 7, 2<z<28.?

Solution:
I = j J.dS =j _[ (10p?za, — 4pcos? @ ay).p dP dz a,
5

2.8 2m ot 2.8
= j j 10p3z d@ dz = 10(3)? X 2w x l7] = 3.26 mA
2 0 2
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Example: Find the current in the circular wire shown in figure below, if the current density

J=15(1 — e~1000") a_ A/m?: the radius of the wire is 2mm?

Solution:
z
szJ.dS
% NG
dS=pdpd@a,

2 0.002
I =f f 15(1 — e~ 109" 3 . pdp dd a,
o Jo

2t ~0.002 2w ~0.002
I =j f 15 pdp do —f f 15p 719907 5 dp d@P = 0.133 A
0 0 0 0

Example: Find the total current outward directed from a 1m cube with one corner at the origin

and edge parallel to the coordinate axes if J=2x2a, + 2xy®a, + 2xy a, AIm*?

Solution:
I = ] J.dS
S x=1
L »
1 1

dS = dx dya, +dydza, +dzdxa,

1= ] (2x%a, + 2xy%a, + 2xy a,).(dx dya, + dy dza, +dzdxa,)

I =ff 2x%dy dz +ff 2xy3dz dx +ff 2xy dx dy

(atx=1)—(atx=0) (aty=1)—(aty =0) (atz=1)—(atz=0)

1 ,1 1 1 1 1 1 1
sz deydz—O +f fodzdx—O +f foydxdy—f foydxdy
0o Jo 0o Jo 0o Jo 0o Jo

=213 215+ (k25 [2ls —0=2+1=34
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5.2 Continuity of Current

The continuity equation follows when we consider any region bounded by a closed surface.

The current through the closed surface is

= [aas

S
and this outward flow of positive charge must be balanced by a decrease of positive charge (or

perhaps an increase of negative charge) within the closed surface. If the charge inside the closed
surface is denoted by Qi , then the rate of decrease is —dQi /dt and the principle of conservation
of charge requires

dQ;
dt

I=fJ.dS=—
s

f J.dS = f (V.J) dv
vol

S
We next represent the enclosed charge Qi by the volume integral of the charge density

d
VhHdv=——| py,dv
dt vol 7

vol

If we agree to keep the surface constant, the derivative becomes a partial derivative and may
appear within the integral

—0py

d
ar

(VD) dv = f

vol vol

from which we have our point form of the continuity equation,

_0py

VJ =
Jt

Remembering the physical interpretation of divergence, this equation indicates that the
current, or charge per second, diverging from a small volume per unit volume is equal to the time

rate of decrease of charge per unit volume at every point.
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5.3 Metallic Conductors

Let us first consider the conductor. Here the valence electrons, or conduction, or free,
electrons, move under the influence of an electric field. With a field E, an electron having a
charge Q = —e will experience a force
F = —eE

In free space, the electron would accelerate and continuously increase its velocity (and
energy); in the crystalline material, the progress of the electron is impeded by continual
collisions with the thermally excited crystalline lattice structure, and a constant average velocity
Is soon attained. This velocity Uy is termed the drift velocity, and it is linearly related to the
electric field intensity by the mobility of the electron in the given material.

U4s=—-pE
where u, is the mobility of an electron, mobility is measured in the units of square meters per

volt-second; typical values are 0.0012 for aluminum, 0.0032 for copper, and 0.0056 for silver.

J= —Pelt E
where p, is the free-electron charge density

The relationship between J and E for a metallic conductor, however, is also specified by
the conductivity o (sigma),
J=0E
where o is measured is Siemens per meter (S/m).

Conductivity may be expressed in terms of the charge density and the electron mobility,

0 = —Pelle

If a conductor of uniform cross-sectional area S and length L, as shown in Figure below,
has a voltage difference V between its ends, then
Conductivity o

Assume that J and E are uniform Area=§

—_—
i=J5 — k=
—

¥
I

I
I=.[J.dS=JS = J=§=0E
S
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4 1%
VAB=—j E.dL=EL =E=—
5 L

Il
Q
=~ <

1
v

The ratio of the potential difference between the two ends of the cylinder to the current

entering the more positive end,

R—L
oS

e When the fields are nonuniform,

Vap _ ~ J, E.dL

R = ]
J; oE.dS

Example: Find the resistance between the inner and outer curved surfaces of the block shown in

Fig. below, where the material is silver for which ¢ = 6.17 x 10’ S/m. if J=k/p a,?

Solution:
J=0E
B J B k
o0 o pap
3 k
__ gy
005 50k
fo f() Z pd@dZ
3
ln@

R = 00873 x 0.005

R = 1.01x107°Q
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5.4 Conductor Properties and Boundary Conditions

For electrostatics, no charge and no electric field may exist at any point within a
conducting material. Charge may, however, appear on the surface as a surface charge density,

and our next investigation concerns the fields external to the conductor.

To summarize the principles which apply to conductors in electrostatic fields, we may

state that

1. The static electric field intensity inside a conductor is zero.
2. The static electric field intensity at the surface of a conductor is everywhere directed

normal to that surface.
3. The conductor surface is an equipotential surface.

5.4.1 Conductor-Dielectric Boundary Conditions

Under static conditions all net charge will be on the outer surfaces of a conductor and both
E and D are therefore zero within the conductor. Because the electric field is a conservative field,
the line integral of E.dL is zero for any closed path. A rectangular path with corners 1, 2, 3, 4 is

shown in Figure below.

Free space U E

Conductor

fE.dL:o

around the small closed path abcda. The integral must be broken up into four parts

b c d a
| +] +] +] -0
a b [ d
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If the path lengths b to ¢ and d to a are now permitted to approach zero, keeping the

interface between them, then the second and fourth integrals are zero.

The path from c to d is within the conductor where E must be zero. This leaves

b b

fE.szfEtdlzo

a a

where E; is the tangential component of E at the surface of the dielectric. Since the interval

a to b can be chosen arbitrarily, at each point of the surface.
E.=D,=0

To discover the conditions on the normal components, a small, closed, right circular

cylinder is placed across the interface; Gauss' law applied to this surface gives

fD-dS = Qenc

f D.ds+f D.d5+f D.dS=f ps. dS
top bottom side A

The third integral is zero since, as just determined, D; = 0 on either side of the interface.
The second integral is also zero, since the bottom of the cylinder is within the conductor, where

D and E are zero. Then,

D, = ps
Ps
En:?

The electric flux leaves the conductor in a direction normal to the surface, and the value of

the electric flux density is numerically equal to the surface charge density.
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Example: A solid conductor has a surface described by x + y=3m and extends toward the origin.
At the surface the electric field intensity is 0.35 V/m. Express E and D at the surface

and find pg?
Solution:

The unit vector normal to the surface is :

ay +a,
aN == \/E
a, +a
Ey = 0.35 % = 0.247(ay + a,)

Dy = &Ey =2.19 x 107'%(a, + ay)

ps = |Dy| = 3.09 x 10712

5.5 The Nature of Dielectric Materials

A dielectric in an electric field can be viewed as a free-space arrangement of microscopic
electric dipoles, each of which is composed of a positive and a negative charge whose centers do
not quite coincide. These are not free charges, and they cannot contribute to the conduction
process. Rather, they are bound in place by atomic and molecular forces and can only shift

positions slightly in response to external fields. They are called bound charges.

The characteristic that all dielectric materials have in common, whether they are solid,
liquid, or gas, and whether or not they are crystalline in nature, is their ability to store electric
energy. This storage takes place by means of a shift in the relative positions of the internal,

bound positive and negative charges against the normal molecular and atomic forces.
The dipole may be described by its dipole moment p
P=0Qd

where Q is the positive one of the two bound charges composing the dipole, and d is the vector
from the negative to the positive charge. We note again that the units of p are coulomb-meters.

There is thus an added term to D that appears when polarizable material is present
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D=¢,E+P
The linear relationship between P and E is
P=y.,E

where y, (chi) is a dimensionless quantity called the electric susceptibility of the material.

D =e,E+P =¢,E+ yo6,E

D = (y. + 1)¢,E

The expression within the parentheses is now defined as
& =Xet+1

This is another dimensionless quantity, and it is known as the relative permittivity, or dielectric

constant of the material. Thus
D=¢¢,E=¢E
€= &.&,

where € is the permittivity

Example Two point charges in a dielectric medium where &, = 5.2 interact with a force of

8.6 10 N. What force could be expected if the charges were in free space??

Solution:
_ 0 in free space
1™ 4me, R2 p
5 = 47QT1€QI§2 indielectric
F; _ €
FZ - €o
EOET

F, = F,=¢F,=52%x86x%x10"3=447%x1072N

€o
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5.6 Boundary Conditions for Perfect Dielectric Materials

Let us first consider the interface between two dielectrics having permittivities &; and ¢,
and occupying regions 1 and 2, as shown in Figure below. We first examine the tangential

components by using

f E. dL =0 l{egriunl An I
1 \
d---"'_\-----—
E[dn 1 - — \D'\-
Z_‘:x-” Region 2
T Enn £
-

Around the small closed path on the left, obtaining
Etan1AW — EgnAw = 0

The small contribution to the line integral by the normal component of E along the sections
of length Ah becomes negligible as Ah decreases and the closed path crowds the surface.
Immediately, then,

Eian1 = Etanz

Dtanl _ Dtanz

&1 &
Dian1 &
Dtanz &

The boundary conditions on the normal components are found by applying Gauss’s law to
the small “pillbox” shown at the right in the Figure. The sides are again very short, and the flux
leaving the top and bottom surfaces is the difference

for no free charge is available in the perfect dielectrics, we may assume py is zero on the interface and

Dyn1 = Dy

75



DATE / /2013

Conductors and Dielectrics

Lecturer: Mohammed Kamil Salh

Let D1 (and E1) make an angle 6; with a normal to the surface (Figure below) . Because the

normal components of D are continuous,

Dy1 = Dy
~ D;cos@; = D, cos0,
The ratio of the tangential components is given by

Dign1 &1 D;sinf; &
= — = _ ==

Dtanz & D,sinf, &,
Dng Sin 91 = D2€1 Sin 92
and the division of these equations gives

tanf, &

tanf, &,

£

Example The surface x = 0 separates two perfect dielectrics. For x > 0, lete,; = 3, while
&2 =5 where x <O0. If E; = 80ay —60ay, —30a, V/m, find (a) En1; (b) Et1; () E1; (d)

the angle 6, between E; and a normal to the surface; (€) Dn; (f) Dr2; (g) D2; (h) Py;

(i) the angle 6, between E, and a normal to the surface.?

Solution:
(@) Ey; = 80 ax

(b) Er; = — 60ay — 30az

(c) |E;| = V802 + 602 + 302 = 104.4V /m

(d) ENl - El COS 91
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(e) Dy, = Dyy

DNl = 81 ENl = 80 8T1EN1 = 3 X 885 X 10_12 X 80 ax = 212 ax nC/m2

(f)Ery = Er
Dri_ Drz
&1 &
&2 &r2
Dry =— Dpy = —— &Ep = &4 &Er = &3 &(— 60ay — 30az)
& €r1

Dy = Dy; + Dr
D, =212x107%a, —60 &, &a, —30¢&, & a,

(h) P, =(&,—1) &k,

4 -9
= g(2.12 x107%a, — 60 &, goay, — 30 &, & a,)

(i)
tanf; &
tanf, &,
tan40 3
tanf, 5
02 - 5450
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Example Region 1, z<0 m, is free space where D = 5a, + 7a, C/m?. Region 2, 0< z <1 m,

has e, = 2.5.And region 3,z>1m, has ¢, = 3 Find E,, P2, and 65?

Solution:
— E
D; = (5a, +7a,) 6 =3
DNl == D1 COoS 91 Z=1
7
- = &p = 2.5
cos 64 N £/s, 2
| Z=0
0, = 35.53° &1 =1
Dy, =Dy =72, £/ 01 Free space
Er1 = Epy
Dry _ D,
& &2
p=2p =f2p S22 o5
Tz—81 T1—£T1 T1= a, = 1lz.04a,
D, = Dy, + Dry

D, =125a, +7a,

E_D2_12.5ay+7az_1<5 N )
27 &, 25¢ T VT o5 A

Dyo = D, cos 0,

7
0, = cos ! ——— = 60.7°

VI252Z ¥ 72

tanf, &

tanf; &

&3 3
tan 8, = — tan 60.7
Erp 2.5

tan6; =

0, = 64.93°
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Home work

Q1: Current density is given in cylindrical coordinates as J = —106z%5a, A/m? in the region

0 < p < 20um,; for p = 20um, J = 0. Find the total current crossing the surface z=0.1 m?
Ans. =39.7 « A

Q:: Given J = 10 *(ya, + xay)A/mz, find the current crossing the y = 0 plane in the -a, direction

betweenz=0and 1, and x =0 and 2?
Ans: 2*10% A

Q2: Let Region 1 (z < 0) be composed of a uniform dielectric material for which &,= 3.2, while
Region 2 (z > 0) is characterized by ¢, = 2. Let D; = -30ay +50a, +70a, nC/m? and find:
(8) Dny; (b) Du (€) [De|; (d) D15 ()64; () P1(9) Dna; (h) Dez; (i) D2; (K) Pai(l) 6,.7

Ans: 70 nC/m?; -30ay + 50a, nC/m?; 58.3 nC/m?; 91.1 nC/m?; 39.8%; —20.6ay +34.4a, + 48.1a,
nC/m?, 70a, nC/m?, -18.75a + 31.25a, nC/m* -18.75ax + 31.25a, + 70a, nC/m?
-9.38a, + 15.63a, + 35a, nC/m?; 27.5°

Q2: Two perfect dielectrics have relative permittivity ¢,; = 2 and &,,= 8. The planar interface
between them is the surface x —y + 2z = 5. The origin lies in region 1. If

E; = 100ay + 200a, —50a, V/m, find E,?

Ans: 125a, + 175a, V/m

Q2: Figure below shows a planar dielectric slab with free space on either side. Assuming a

constant field E, within the slab, show that Ez = E;?

A
/e
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